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We present a theoretical investigation of ferromagnetic resonance in magnetic trilayers with tilted anisotropy.
We find that the resonant magnetic field, the linewidth, the precessional frequency, and the axis of the mag-
netization in the free layer are all changed by the spin-polarized dc current in the presence of tilted pinned
magnetization. Pumping and dissipation of energy in the magnetic system can be controlled by altering the
current and the direction of pinned magnetization. The peak of ferromagnetic resonance excited by ac currents
is sharpest with pinned magnetization perpendicular to the films, while it is almost flat in the parallel case.

DOI: 10.1103/PhysRevB.78.054420 PACS number�s�: 76.50.�g, 72.25.Ba, 75.75.�a

I. INTRODUCTION

The spin-transfer effect proposed by Slonczewski1 and
Berger2 is of topical interest owing to promising applications
in data storage and information processing. In magnetic mul-
tilayers, spin-polarized current generated in the pinned layer
exerts a spin-transfer torque on the magnetization of the free
layer due to the exchange interaction between the conductive
electron spin and the local magnetization. Spin-transfer
torque provides a new way to drive magnetization switching
instead of using a magnetic field.3,4 Furthermore, it can gen-
erate microwave signals4–6 and influence and even drive fer-
romagnetic resonance �FMR�.7–14

FMR is a primary experimental technique for obtaining
information on magnetic films,15 including magnetic aniso-
tropy, magnetic moment,16 and magnetic damping.12 More-
over, it can be used to induce magnetization reversal for
magnetic particles or an array of interacting particles.17 Re-
cently, a FMR technique has been developed to detect sub-
100-nm-scale devices.12,13 Spin-transfer-driven FMR mea-
surements have been presented in magnetic multilayers with
longitudinal13 and perpendicular12,14 anisotropy. The effects
of spin-polarized current7 and interlayer exchange coupling8

on Gilbert damping have been studied by FMR experiments.
Theoretically, spin-current effect on FMR and ac current-
driven FMR have been investigated in different magnetic
nanostructures.9–11

Up to now, attention has been mostly focused on the
structures with easy axis parallel or perpendicular to the
plane of samples. Magnetic films with tilted anisotropy have
been studied by several authors. Shin and Agarwala18 pro-
posed a method for obtaining tilted magnetic anisotropy in
TbFe thin films. Layadi19 investigated the effects of oblique
anisotropy on FMR modes in single and coupled layers. Me-
dia with tilted magnetic anisotropy have potential application
in high-density magnetic recording.20 It is also interesting to
investigate the magnetic dynamics of multilayers with tilted
anisotropy. Except for the direction and magnitude of spin-
polarized current, turning the direction of pinned magnetiza-
tion provides a new choice of controlling the damping and

resonant magnetic field. Investigation of FMR in tilted mag-
netic multilayers is helpful in understanding and controlling
magnetic damping. This is important for minimizing the
critical current density in current-induced magnetization re-
versal.

In this paper, we present a study of FMR in magnetic
trilayers with a tilted spin polarizer. By a linearization
method, the Landau-Lifshitz-Gilbert-Slonczewski equation is
reduced to a forced oscillation equation. By using this equa-
tion, we investigate the effects of spin-polarized dc current
and different directions of pinned magnetization on FMR.
The FMR driven by ac current is also discussed.

II. TILTED MAGNETIC TRILAYERS

We consider magnetic trilayers consisting of two ferro-
magnetic metallic layers with a sandwiched normal metallic
spacer. As shown in Fig. 1, the easy axis is along the x
direction in the free layer FM2, while magnetic anisotropy in
the pinned layer FM1 can be altered in different trilayers.
Tilted anisotropy may be prepared by oblique incidence
evaporation18 or by applying an oblique magnetic field dur-
ing the film growth. The polar and azimuth angles of easy
axis in the pinned layer are denoted as �p and �p, respec-
tively. With electrical current flowing perpendicularly
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FIG. 1. Schematic drawing of magnetic trilayer with a tilted spin
polarizer. The bottom layer FM1 with pinned magnetization acts as
a spin polarizer, The magnetization of the top layer FM2 is free
under magnetic field or current.
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through the trilayer, spin polarization takes place in the
pinned layer and the magnetization of the free layer under-
goes a spin-transfer torque generated by the spin-polarized
current. Phenomenologically, the magnetization dynamics of
the free layer can be described by the Landau-Lifshitz-
Gilbert equation including the spin torque term,1,21

dM

dt
= �M �

�E

�M
+

�

Ms
M �

dM

dt
+

�aJ

Ms
M � �M � mp� ,

�1�

where � is the gyromagnetic ratio, � is the Gilbert damping
constant, M is the magnetization vector of the free layer,
Ms is its saturation magnetization, and mp
= �sin �p cos �p , sin �p sin �p , cos �p� is the unit vector of
magnetization in the pinned layer. The spin torque parameter
aJ is proportional to the current density and dependent on the
materials. In general, aJ=� / �2eMsd�gJ, with g=1 / �−4+ �3
+M ·mp /Ms��1+ P�3 / �4P3/2��, where d is the thickness of
the free layer, P is the spin polarization of the ferromagnet,
and current density J takes a positive value when the current
flows from the pinned layer to the free one. In our consider-
ation, the energy density consists of anisotropic energy, de-
magnetization energy, and Zeeman energy, E=K sin2 �
−HsMs sin � cos �−H�Ms sin � sin �+2�Ms

2 cos2 �, where
K is the anisotropy constant. Strictly, the anisotropy energy is
K�1−sin2 � cos2 ��. In view of strong shape anisotropy �K
	2�Ms

2�, it is reasonable to assume Ek=K sin2 �. In the
typical manner of a FMR experiment, the external magnetic
fields include a static magnetic field and a rf magnetic field
with small amplitude. The static magnetic field Hs is applied
along the x direction, while the rf magnetic field H� is ap-
plied along the y direction.

For convenience, we transform Eq. �1� into a pair of
coupled differential equations in polar angle � and azimuth
angle �.22 Introducing 
=� /2−� and substituting the ex-
pression of energy density into Eq. �1�, we get
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 −
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where HK=2K /Ms, representing the anisotropy field. From
the energy density, we find that �=� /2 �
=0� and �=0 at
equilibrium without applying current and rf magnetic field.
On the basis of Eq. �2�, we will discuss FMR driven by rf
magnetic fields and spin-polarized ac currents in Secs. III
and IV.

III. FERROMAGNETIC RESONANCE EXCITED BY rf
MAGNETIC FIELDS

The rf magnetic field is applied usually normal to the
static field and expressed as H�=h�ei�t. Due to the small
amplitude of the rf field, the deviation of magnetization from
equilibrium position is very small. It is reasonable to take
linearization approximation. In the usual FMR experiment of
bulk magnet, the trajectory of magnetization forms a cone
about the direction of static field. However, in an ultrathin
film the very large demagnetization field forces this cone into
a very flat ellipse.22 The motion of magnetization can be
reduced to an in-plane rotation and can be described by a
one-dimensional equation. After a tedious calculation, a
forced oscillation equation about � is obtained from Eq. �2�,

d2�

dt2 + 2�
d�

dt
+ �0

2� = �0
2�eq + fei�t, �3�

where the parameters are given as follows:

� =
�

2�1 + �2�
�A� + B� + CD�/A� , �4�

�0 =
�

1 + �2 �AB + A�B� − C�D� + B�CD�/A�1/2, �5�

�eq =
�2�AD� − A�D − CDD�/A�

�1 + �2�2�0
2 , �6�

f = ���Hs + 4�Ms� + i����h�/�1 + �2� , �7�

and

A = Hs + 4�Ms + ãJ��mpx − mpz�mpy − �mpz�g̃� ,

A� = ��Hs + 4�Ms� − ãJ�mpx + mpz��mpy + mpz�g̃� ,

B = Hs + HK + ãJ��mpx − mpy��mpy + mpz�g̃� ,

B� = ��Hs + HK� − ãJ�mpx + mpy�mpy − �mpz�g̃� ,

C = ãJ�mpy + mpx�mpy − 3�mpz�g̃ + 2mpz
2 �mpy − �mpz�g̃2� ,

C� = ãJ��mpy − mpx��mpy − mpz�g̃ + 2mpympz�mpy − �mpz�g̃2� ,

D = ãJ�mpy − �mpz�, D� = ãJ��mpy + mpz� ,

with ãJ= �2� / �eMst���P3/2 / �1+ P�3�g̃J and g̃= �1+ P�3 /
�−16P3/2+ �1+ P�3�3+mpx��. Equation �3� describes a forced
vibration with damping constant �, precessional angular fre-
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quency �0, and driving force f . The amplitude of deviation
of � from the equilibrium position is easily obtained,


� = �� + i��, �8�

where the real part �� and the imaginary one �� have the
forms

�� =
�

�
���0

2 − �2���Hs + 4�Ms� + 2���2� ,

�� =
�

�
�����0

2 − �2� − 2����Hs + 4�Ms�� , �9�

with �=�h� / �1+�2� and �= ��0
2−�2�2+4�2�2.

In the immediate discussion, we take Permalloy as an
illustrative instance. The values of related parameters are
given as follows: the gyromagnetic ratio �=1.75
�107 Oe−1 s−1, the saturate magnetization Ms=800 G, the
anisotropic field HK=10 Oe, the Gilbert damping parameter
�=0.01, the spin polarization P=0.5, the thickness of free
layer d=3 nm, and the frequency of rf magnetic field �=3
�1010 Hz. The spin torque parameter aJ has the dimension
of magnetic field. With the same current density, aJ takes the
maximal value in antiparallel configuration, while it takes the
minimum in the parallel one. For example, aJ=178 Oe with
current density 1012 A /m2 and pinned magnetization anti-
parallel to the free one. Applying the same current, aJ
=25 Oe in parallel configuration.

Under the dc current, the free magnetization deviates
from the original static equilibrium position to a new dy-
namic one, as shown in the right inset of Fig. 2�a�. We will
find that in the latter calculation the value of � varies
slightly. Along the direction of rf magnetic field, the change
in the free magnetization is 
M =Ms�cos 
 sin��eq+
��

−cos 
 sin�eq��Ms
�. Therefore, the complex susceptibil-
ity is proportional to 
�. In the following, we discuss the
FMR properties in terms of 
�.

In FMR experiment, the frequency of rf magnetic field is
usually invariable, whereas the static field can be adjusted. In
Fig. 2, the resonant curves are shown in different current
densities with tilted pinned magnetization. Increasing the
current density in the positive direction and decreasing it in
the negative direction, the FMR peak turns sharper. From the
left inset of Fig. 2�b�, we find that in applying positive cur-
rent �from the pinned layer to the free one�, the linewidth
becomes narrower and decreases with current density, while
in applying positive current the linewidth is broadened and
increases with current density. The resonant linewidth is pro-
portional to the effective Gilbert damping parameter. In this
case, the positive current pumps energy into the magnetic
system, while the negative current dissipates energy away
from the system. The left inset of Fig. 2�b� shows that the
resonant magnetic field varies with current density in the
case of tilted pinned magnetization. Applying dc current, the
equilibrium value of � is nonzero, as shown in the right inset
of Fig. 2�a�. In static state, magnetization precesses around
the direction of effective field. The spin-polarized dc current
changes this direction, namely, there is a new effective field
in the presence of current. Also, the precessional frequency is
altered by dc current, as shown in the left inset of Fig. 2�a�.
The precessional frequency is determined by the static and
dynamic torques. The change in frequency is caused by the
spin-transfer torque.

Several particular directions of pinned magnetization are
picked out to be discussed. For the pinned magnetization
parallel to the free one, the resonant magnetic field is deter-
mined by �Hr+4�Ms��Hr+HK�=�2 /�2−aJ

2. The maximum
of �aJ is on the order of a tenth of �, so Hr scarcely varies
with current density, in agreement with the result in Ref. 9.
With pinned magnetization perpendicular to the films, the
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FIG. 2. �Color online� The real
�a� and imaginary �b� parts of 
�
as a function of static magnetic
field for different currents. The
pinned magnetization is along the
direction defined by �p=30° and
�p=60°. The curves from bottom
to top correspond to J=1012, 5
�1011, 0, −5�1011, and
−1012 A /m2. The left and right
insets of �a� show the depen-
dences of the equilibrium location
of � and the precessional angular
frequency on current density, re-
spectively. The left and right in-
sets of �b� show the dependence of
resonant linewidth 
H and reso-
nant magnetic field Hr on current
density, respectively.
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resonant field and precessional frequency is unchanged with
current. However, the equilibrium location of the free mag-
netization changes considerably with strong dc current.

Altering the direction of pinned magnetization, the depen-
dence of linewidth on current density is different. Figure 3
shows this dependence in several directions of pinned mag-
netization with �p=180°. For example, in antiparallel con-
figuration energy is dissipated from the magnetic system by
positive current, while it is pumped into it by negative cur-
rent. This is different from the case of �p=30° and �p=60°.
Especially, the linewidth approaches zero with current den-
sity of about −3�1011 A /m2. This means that a very sharp
peak appears. In this situation, the energy pumping from cur-
rent may complement the damping dissipation in the mag-
netic system. When the orientation of pinned magnetization
runs from �p=28° to �p=152° and from �p=166° to �p
=194°, the linewidth increases with the position current, as
shown in the inset of Fig. 3. Outside this region, the line-
width decreases with the position current. In the experiment
of Chen et al.,14 the linewidth decreased with the current
density and approached zero in a certain value. Though the
free layer in this experiment had the perpendicular aniso-
tropy, the dependence of linewidth on current was similar to
our results.

We also investigate the dependence of resonant field and
linewidth on the direction of pinned magnetization, as shown
in Fig. 4. With the pinned magnetization antiparallel to the
free one, the resonant linewidth reaches the minimum under
negative current, while it reaches the maximum under posi-
tive current. By changing the direction of pinned magnetiza-
tion, we can control the effective damping. With the direc-
tions of pinned magnetization defined by �p=118°, �p
=148° and �p=62°, �p=212°, the resonant field is highest
under negative current. With the directions defined by �p
=62°, �p=148° and �p=118°, �p=212°, the resonant field is
lowest under negative current. Switching the current direc-
tion, the maximal values of resonant field become the mini-

mal ones, and vice versa. Spin current can pump energy into
or dissipate energy away from magnets. When the energy
gain exceeds the dissipation �including the intrinsic damp-
ing�, the precession of magnetization can be kept and the
switching possibly takes place. The more energy is pumped
from current into magnets, the lower threshold current den-
sity is needed for switching. It is possible to improve the
efficiency of spin-current-related energy pumping by chang-
ing the direction of pinned magnetization. We also take Fig.
4 as an example. For the case of J=−1011 A /m2, the
pumped energy from current is most with �p=90° and �p
=180°. For the case of J=1011 A /m2, the pumped energy
from current is most in the regions with �p between 0 �174°�
and 6° �180°� or �p between 0 �276°� and 84° �360°�.

IV. FERROMAGNETIC RESONANCE EXCITED BY
SPIN-POLARIZED ac CURRENTS

Instead of the rf magnetic field discussed above, spin-
polarized ac current can also excite FMR through ac spin-
transfer torque and ac Ampere field. However at sufficiently
small size ��100 nm�, the spin-transfer effect may domi-
nate. So, we ignore the classical Ampere field in the follow-
ing. The ac current density takes the form J= jei�t, with j as
the amplitude. Following the same procedure as above, the
forced oscillation equation of � is

d2�

dt2 + 2�
d�

dt
+ �0

2� = face
i�t, �10�

where

� =
�

2�1 + �2�
��2Hs + HK + 4�Ms� ,

�0 =
�

1 + �2 ��Hs + 4�Ms��Hs + HK��1/2,
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FIG. 3. �Color online� Variation in resonant linewidth 
H as a
function of current density with the directions of pinned magneti-
zation defined by �p=0,30° ,60° ,90° and �p=180°. Inset: In the
inner-ellipse region, the linewidth increases with positive current,
while in the outer one it decreases with positive current.

FIG. 4. �Color online� Variation in resonant linewidth 
H and
resonant magnetic field Hr with the direction of pinned magnetiza-
tion. The current density J=−1011 A /m2 for �a� and �c� 1011 A /m2

for �b� and �d�.

HE et al. PHYSICAL REVIEW B 78, 054420 �2008�

054420-4



fac =
�ãj

1 + �2 ���Hs + 4�Ms�mpz − i��mpy − �mpz�� ,

with ãj =2� / �eMst�P3/2 / �−16P3/2+ �1+ P�3�3+mpx��j. By
solving Eq. �10�, the amplitude of � is obtained,

� =
��Hs + 4�Ms�mpz − i��mpy − �mpz�

�0
2 − �2 + 2i��

�ãj . �11�

In Fig. 5, we show the dependence of real part �� and
imaginary part �� of � on magnetic field. The frequency of
ac current is 3�1010 Hz and the amplitude of ac current is
1011 A /m2. In the parallel configuration, no peak emerges.

Calculation indicates that to produce an observable peak the
current amplitude must be about 1016 A /m2, corresponding
to ãj =2.5�105 Oe, which is beyond the linear regime. This
result is also mentioned in Ref. 9. However, in other tilted
configurations, the FMR peak is visible. When the pinned
magnetization is perpendicular to the films, the curve is most
peaked. The spin-polarized ac current provides an effective rf
magnetic field, aJ /Ms�M�mp�. When the pinned magneti-
zation is parallel to the free one, the magnitude of this effec-
tive field is very small and not enough to excite a visible
resonant peak. On the contrary, the magnitude is maximal in
perpendicular configuration. The resonant magnetic field is
independent of the direction of pinned magnetization.

V. CONCLUSION

We have investigated the effects of spin-polarized dc cur-
rent and pinned magnetization on FMR and ac current-driven
FMR in tilted magnetic trilayers with linearization method.
In the case of rf magnetic-field-excited FMR, the resonant
magnetic field, the linewidth, the precessional frequency, and
the equilibrium position of free magnetization vary with the
dc current density and the direction of pinned magnetization.
In the direction of pinned magnetization defined by �p=90°
and �p=180°, the linewidth reaches extremum. Remarkably,
in some directions of pinned magnetization, the linewidth
approaches zero with suitable current density. This property
can be used to control energy damping in nanomagnets. In
the case of ac current-excited FMR, whether the peak
emerges is dependent on the direction of pinned magnetiza-
tion. In the parallel configuration, the required current den-
sity for observable resonant peak is beyond the linear re-
gime. In the perpendicular configuration, the peak is
sharpest. In this case, the resonant field is irrelative with the
direction of pinned magnetization.
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