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Magnetic solitons of spinor Bose-Einstein condensates in an optical lattice
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Magnetic solitons in spinor Bose-Einstein condensates confined in a one-dimensional optical lattice are
studied by the Holstein-Primakoff transformation method. It is shown that due to the long-range light-induced
and static magnetic dipole-dipole interactions, there exist different types of magnetic solitary excitations in
different parameter regions. Compared to conventional solid-state materials, the parameters of this type of
magnetic solitons in an optical lattice can be easily tuned by the above dipole-dipole interactions, which are
highly controllable in experiments.
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I. INTRODUCTION optical lattice, the magnetic solitons may exist, and this type

Recently, spinor Bose-Einstein condensatéBECS of magnetic solitpn can be .easily.tuned l_)y the Iight—induceq
trapped in optical potentials have received much attention i@"d the magnetic dipole-dipole interactions. The magnetic
experimental[1] and theoretical field§2]. Spinor Bose- soliton, which describes localized magnetization, is an im-
Einstein condensates have internal degrees of freedom due f@rtant excitation in the Heisenberg spin ch@#. In the
the hyperfine spin of the atoms. When spinor BECs ardrevious studies, the conventional magnetic solid materials
trapped in a magnetic potential, these degrees of freedom ag@ntaining many domains are often used, of which one pos-
frozen. However, when they are trapped in optical potentialsesses its own set of parameters such as magnetic anisotropy
the spin degrees of freedom are liberated and a rich varietgnd barrier energy and is not easily adjusted. In addition, due
of phenomena such as spin domdi8kand texture$4] have  to the difficultly of cooling the samples down to ultracold
been observed. Recent studies show that spinor BECs, iemperatures, thermal processes cannot be completely ex-
localized in the optical lattices deep enough for the indi-cluded. The defects and impurities of magnetic materials
vidual sites to be independent, can undergo a ferromagnetigvould also have important influences and need to be consid-
like phase transition that leads to a “macroscopic” magnetiered. But for the systems of spinor BECs in the optical lat-
zation of the condensates arrf§;,6]. Spinor BECs at each tice, the above difficulty is automatically excluded. So, these
lattice site behave like spin magnets and can interact witlsystems can give us a tool to investigate the nonlinear exci-
each other through both the light-induced dipole-dipole in-tations in spin systems.
teraction and the static magnetic dipole-dipole interaction.
These §ite-to—site diplo_lar interaction_s can cause the ferro- || THE SPIN HAMILTONIAN FOR SPINOR BEC
magnetic phase transition and the spin-wave exmta[ﬁo?]._ _ IN AN OPTICAL LATTICE
These phenomena are analogous to the ferromagnetism in
solid-state physics, but occur with bosons instead of fermi- The dynamics of spinor BECs trapped in optical lattices
ons. For fermions, the site-to-site interaction is causedire primarily governed by three types of two-body interac-
mainly by the exchange interaction; the dipole-dipole inter-tions: spin-change collision, magnetic dipole-dipole interac-
action is small and can be neglected. For the spinor BEC iion, and light-induced dipole-dipole interaction. The Hamil-
the optical lattice, the exchange interaction is absent and thi@nian takes the following form:

individual spin magnets are coupled by the magnetic and 5272

light-induced dipole-dipole interactiof¥]. Due to the large H=> fdr [/,E(r){_ +VL(r)j|;zbn(r)

number of atomsl\, at each lattice site, these interactions are n 2m

no longer negligible, despite the large distance, on the order o

of half of an optical wavelength, between sites. So, the + > fdrdr’¢;(r)¢§1(r')[vcn?1['mm(r,r’)
spinor BECs in an optical lattice offer a totally new environ- nmn’.m’

ment to study spin dynamics in periodic structures. In Ref. » . .

[7], the spin wave excitation of spinor BECs has been stud- Vo (0T ) 1 () i (1) + H, (1)

ied. However, the interaction between the spin waves has not _ . . oo
been considered. This interaction would excite a magneti?f"here, VLfr) is the lattice potential, and the indices
soliton, which is also an important and interesting phenomfm.n’,m'=-F,... F denote the Zeeman sublevels of the
enon in spin dynamics. grolllmd state of the atoms with angular momenttéin
In this paper, we want to show that, due to the interaction&/mymm (7 -7') describes the two-body ground-state colli-
between the spin waves of spinor BECs in a one-dimensionalions,V,_ ;.. (r,r’) include magnetic dipole-dipole inter-
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action and light-induced dipole-dipole interaction, digl  above relations, we can represent the spin operators by

represents the external magnetic interaction. means of the Bose operatoeg and a according to HP
When the potential depth of the optical lattice is largetransformationg9] S'=(\2S-a'a)a, S =a'(\2S-a'a), and

enough, it is convenient to expand the spinor atomicy _ + .

] - i i =(S-a'a). The square-root factors can be expanded in

field operator asyi(r)=%; ¢i(r)Cy(i), where ¢i(r) is the  hoyers of 15as25-ata=+2S5(1-aa/4S+ ). If we take

condensaEe wave function for thieh microtrap and the the first-order approximation, i.mer {25 and sub-

operatorsCy(i) satisfy the bosonic commutation relations situting these transformations into E@), we can obtain the

[Cm(i),Cg(j)]:(Smnﬁij. Under the tight-binding approxima- Hamiltonian which describes spin waves:

tion and considering only the spin-dependent terms, we can

construct the effective spin Hamiltonian from Ha) [5,7], H=-yNSB - JZNS + 2 veB.aa + ZZJZSE ala
| 1
H=2 | MSF-%S B-2 J(SS+S) -2 Im5<
; aSZ Y8 g |J(SS+SS—) g dSZ%Z ’ —25\]% (a1.Jrai+5+ a1a1T+5) (3)
2

The above Hamiltonian can be diagonalized by the Fourier
where J;=J7-3J" I is a coefficient which transformation t@/, a and the dispersion relation of the spin
represent magnetic dipole-dipole interaction, aﬂi iS  wave can be obtained:

a coefficient which represents light-induced dipole-dipole

interaction. The collective spin operators are defined as hw,=— ygB,+ E [4JM9S - 8SJcog &K)], (4)
S=2mn ClHi)FmCh(i) with componentﬁil}, whereF,, is 0=0

the matrix element of the angular moméntThe direction ;o0 e replacé™, J9 with their average valued,p, Jp

of the magnetic fieldB is along the one-dimensional optical andJ:JLD_JMD/4I- From Eq.(4), we can find that the dis-
lattice, which we choose as the quantization axjsand  qrsion relation of the spin wave derived by HP transforma-
B=B,z. The parametetys=-ug0r, With ug being the Bohr i, is the same as the relation derived in Réfl. In the
magneton and the Landég factor. The firstterm in Eq2)  hticq) Jattice, the dispersion relation of the spin wave can be
results from the spm-depengent Interatomic collisions at @asjly tuned by the light-induced and magnetic dipole-dipole
given site, with\;=(1/2)A,[d r|¢i(r)| - The last two terms  jnieraction. But in the solid-state magnetic materials, the dis-
describe the site-to-site spin coupling induced by the stalipersion relation of the spin wave can be tuned with some
magnetic and light-induced dipole-dipole interactions. Thejfficulty by the exchange interaction, which is determined

ground state of the Hamiltonian ig.s)=|N,=-N) without by nroperties of the magnetic material itself and is approxi-
interaction terms, wherbl=2; N; is the total atomic num-  nated as a constant.

ber in the lattice. The total spin at sitehas the expecta- The higher-order terms, i.e.y2S-ala~ \J’Z—S(l—aTa/

tion value(§)=Ni. Due to the large factoN;, the mag-  4S+---), can introduce nonlinear interactions between spin
netic dipole-dipole interaction in the optical lattice cannotwaves, and then the Hamiltoni@®) becomes

be neglected. After the site-to-site coupling is considered,

the transfer of the transverse spin excitation from site to H=\/NSS+ 1) - ysB,SN+ 5B, a'a,

site is allowed, resulting in the distortion of the ground- [

state spin structure. This distortion can propagate and S S
hence generate magnetic soliton or spin wave along the ( ij
atomic spin chain.

'S - J°sda; - Jsda + e aala)
i j#

1
-2 (ZJijsafaj + ZJijSanT) + 52 > Jij

IIl. THE NONLINEAR EXCITATIONS OF SPINOR BEC o b
IN AN OPTICAL LATTICE ><(a17a17aiaj + aJaJTajaj + aje\TaTai + aj*ajajaﬂ) T
For J; # 0, the transfer of transverse spin excitation from (5)

site to site is allowed, resulting in the distortion of the . -
9 v(sihere we omit the negligible fourth-order term.

ground-state spin structure. This distortion can propagate an Th i int fion t in Hamiltoni
hence generate spin waves along the atomic spin chain. Ac- € noninear interaction terms in Hamt On'@ gener-
cording to the Holstein-PrimakoffHP) transformation, we ate the nonlinear magnetic excitations such as mixing of spin

can introduce the local spin-deviation operaierS— S with waves or magnetic solitons, depending on the initial setup of
the eigenvaluem=S-m. So, increasingn decreases and the state of the spin system. Here we are interested in the

) i e type of nonlinear excitations with magnetic solitons. To ef-
vice versa. For the stat@), S|n=y(2S-n)(1+n)[n+1)  foctively observe the magnetic solitons in the nonlinear ex-

and S*In)=\J’ZS—(n—l)v'ﬁln—D. We can define the creation citations, the ideal case is that the spin system in the optical
and annihilation operatora_and a' on the stateln) as lattice should initially be prepared in a spin-coherent state
any=Vnjn-1) anda’jn)=\Vn+1|n+1) and theatajny=nn).  [Y=[{wH=11, |y, with |¢)=exg—|¢|2/2)exp(-yiah)|0).

The operatorg’ anda satisfy the following boson commu- The vacuum staté) is the ground state of the BEC in the
tator relation{a,a’]=1,[a,a]=[a',a"]=0. According to the optical lattice, i.e.,|0)=|g.s)=|N,-N) [9]. Experimentally,
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such a spin-coherent state can be prepared by applying a rf
pulse field along the transverse direction such ayties to

the BEC in the ground state. If the rf pulse is short enough so
that during the interaction of the spin system with the pulse,
other interactions can be ignored, then in the rotating-wave
frame with the Larmor frequenay, = ygB,, the rf pulse field
would lead to a transformation

FIG. 1. The interaction of two dark magnetic solitons.

- Caret e - _ At

Dy) =explidS - S)/2) exp[¢(é_a ) (©) I' decreased. It should be noted that for a system of the
whered is the area of the rf pulse ant=i6\2S. The trans-  optical lattice created by blue-detuned laser beams, the
formation D(¢), operating at each lattice site, exactly atoms are trapped in dark-field nodes of the lattice and the
leads to a coherent statg) for the spin excitations. light-induced dipole-dipole interaction can be neglected,

Under the spin-coherent state and using the timei.e., J 5=0. So the magnetic soliton will have invariable

dependent variation principle, the nonlinear operator motiorwidth and amplitude. This characteristic of the spin non-
equation of Hamiltonian5) can be transformed into the linear excitation in the blue-detuned lattice might have
probability amplitude, Eq.(7), where ¢=(¢|a|#) is the  potential applications in the future.
probability amplitude describing the nonlinear dynamics of The magnetic soliton collision may be also be conve-

coherent spin excitations on the lattice niently examined in the optical lattice. For example, the in-
o teraction of two dark magnetic solitons can be described by
ih&_tl = (8B, + AypS—8I9 ¢ + A 24 — tha ~ h-1) the following form:
D
2 ~1
= 23y (|th-1/* + [P s [z 0)?= ,3 N, |’ (9)
+ I aal s + |1 oa + 20 Pen + 2P0 where
+ I+ +_ 2, 7
(Wia * di-0¥i ) D, =1 +exgi2n, - 26,) + expi2n, — 26,)
where we consider only the nearest-neighbor interactions .
(which is a good approximation for the BEC in a one- +expli2(my + 70) = 26, + 6) A,
dimensional optical lattice as the large lattice constant and
similar approximation has been adopted in R&f)]). N; =1+ exd-26,) + exp(= 26,) + exp[- 2(6, + ) ]A,

When the optical lattice is infinitely long and the spin
excitations are in the long-wavelength limig, i1, -1
—i(z,t) in the continuum limit approximation, we get the
following soliton solutions in different regions[11]
which can be described by the two parametersxagl]S
=4S(J p=JIwp/4) and f=(4Iyp—8J)=6Jyp—8J.p.

\‘/_ ”_
01 = pV— a(z= 20\~ at),

6, = o\ — a(z— 20\~ at),

(1) WhenJ,p<Jyp/4, <0, andB>0, Eq.(7) has the p2=v2+ ul=v3+ 2,
following single dark soliton solution:
2
P T UV~ Mo
. A= ——"—""—"—, (10
Wz = - Lranh {— L vt>} expli(yz- wib)], PP 010+ s

@ P is background amplitude, e&@7n;)= ()\1+Ik1)2/p and
exp (i27,) = (A\o+ik)?/p%. viV—a, vV—a and u\-a,

where fiw;=7ygB,+4S-8IS-av?/4-26%/|a] is the  u,\-a refer to the velocity and width of magnetic solitons,
single dark soliton energy, ang=v/2, wherev is the respectively. For simplicity, here and in the following para-
velocity of the soliton. It is easy to see that the solitongraph, we assume that the values of the initial phases and
energy fw; is smaller than the spin-wave energy coordinates of the center of the two magnetic solitons are
obtained above and that the amount ig?Za| when  zero. The interactions of the two magnetic solitons are sche-
v=0. From Eq. (8), we can find that the amplitude matically shown in Fig. 1. By checking Fig. 1, we can see
and width of the magnetic soliton of spinor BEC in that the collision of two dark magnetic solitons in the optical
the optical lattice arel'=-p/a=(3B;-1)/[2S(B;-1)] lattice we considered is elastic and each of the magnetic
and W=-2a/B=129B,-1)/[6(B,-1/3)], respectively, solitons is restored to its initial form and velocity when it
where B;=Jyp/4J p>1. So, the dynamic characteristics leaves the interaction region. In addition, the length of the
of the magnetic soliton existing in an optical lattice areinteraction region of two dark magnetic solitons in the opti-
more easily controlled than those in conventional solidcal lattice is approximately proportional to {Ha and can be
magnetic materials. For example, wh&j is increased tuned easily. For example, the interaction region would be-
(which can be realized simply by decreasing the light-come small if we simply decrease the light-induced dipole-
induced dipole-dipole interactiod) p), W is increased and dipole interaction], p. It should be noted that in the above
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analysis, the collision of two magnetic solitons in the optical B B _
lattice is elastic. The inelastic collision would appear if the — #(y,t) =2 ;CSCh - ;(Z—vt) expli(yz— wst)],
influences of higher-order terms in Eq5) and(7) are con-

sidered. (14)
(2) When {yp>Jip> 3dup, @>0, andS>0, EQ.(7)  \where fiwy= ygB,+ AFS-8IS+ av?/4- 28 a, y=v/2. But
has the following bright magnetic soliton solution: this solution is divergent and has no corresponding physical

8 B meaning. The magnetic soliton solution in this region may be
P(z,t) = \/jsech{—(z— vt)]exp [i(yz—wot)], (12) caused by the contribution of the neglected higher terms and
« « needs further study.
where  fiw,=ygB,+4J°S-8IS+ av?/4-2B% a, y=v12 v The magnetic solitons are localized excitations of spins
is the velocity of the soliton. Similarly, we can see Which result from the nonlinear interactions between spin
that the energy of this bright magnetic soliton is alsowaves. In principle, the detection of the magnetic solitons
smaller than the spin wave and the amount ig2/2c  ¢an be carried out through the Raman technique by measur-
when v=~0. The amplitude and the width of the above INg the absorbtion spectrum of the Raman beams. This is
bright magnetic soliton ard=8/a=(3B,~1)/[2S(1-B,)]  Similar to what was proposed to detect the spin waves in Ref.
and W=a/B=251-B,)/(3B,-1), respectively, where _[7]. Howeyer, due to thg localization of the .magr)euc soliton
1/3<B,=Jyp/4)p<1. In this region, if we increase the N SPace, it may be easier to detect magngtm_sohtons Fhrough
light-induced dipole-dipole interaction, i.e., decred@g I the Raman absorption imaging of spin gxc[tatlons at rﬁfferent
decreases and/ increases. If we decrease the light-inducedtimes: One can use the same combination of a circularly

dipole-dipole interaction, i.e., increass, T' would increase Polarized and ar-polarized Raman optical beam as that pro-
andW would decrease. posed in Ref.[7] and measure the absorption of the

The collision of the two bright magnetic solitons can be 7-polarized Raman beam at diffgrent time;. The absorption
described by the solution as of the 7r-polarized Raman beam is proportional to the prob-

ability of the spin transition(S")[?#(z,t)|2. We see that one
- 2N, can image the space distribution of the spin excitations along
l(z,t)| =2 (12 ; ; ; .
B D, the coherent spin chain of the condensed atoms in the optical
lattice through the measurement of the Raman absorption.

where Comparing the images at different times, one can determine
D,=[(vy - vy)?+ M% " pé] +B, N,=C,+C,, Erlui)propertles of the magnetic solitons defined by @yor
B =2uyu, tanh[6;] tanh[6,] IV. CONCLUSION
~ 2uapp sechl 61] sech0;]cos[¢1 — o], In conclusion, the nonlinear spin excitations of spinor
. . BECs in an optical lattice have been studied using the HP
C1=[(v1 = v)*+ uf = uoluy sechibylexp[—iey] transformation. The results show that the dark and bright
9 — u)tanh echl 6:lexp[-iw], magnetic solitons may exist in spinor BECs in optical lattices
| av1 = vp)tanh [ Gpluy sechldylexpl~ie:] in different parameter regions. The width, the amplitude, and
B > 2. 2 , the length of the interaction region of these solitons can be
Co=[(v1=v2)" — ui+ polup sechifrlexpl-ie,] adjusted by tuning the light-induced and magnetic dipole-
+ 2i (v — vo)tanh[ 6y upsech 6,]exp [~ ie,], dipole interactions. Being different from the conventional

solid-state one-dimensional ferromagnetic chain, in which
2u 2u the magnetic solitons result from direct. Coulqmp inte_raction
1= 22+ 402 - pdt, o= =7+ 43— udt, among electrons and the Pauli exclusion principle, i.e., ex-
va Va change interactions. The magnetic solitons in spinor BECs in
optical lattices are mainly caused by the magnetic and light-
_ 4 — 4 I induced dipole-dipole interactions between different lattice
0,= '“1\;_;(2*' 2v1vat), 6= "‘2\5_;(Z+ 20p\V ), sites, which cannot be neglected due to the significant Bose
enhancement effect. Compared to the more conventional
solid-state magnetic materials, these long-range interactions
are highly controllable in the experiments, and the system of
where 2,1\;;, 202\;‘;, and %1/\521 4#2/\*“'?“ are related to the Spinor BECs in optical lattice is an exceedingly clean sys-
velocity and width of magnetic solitons, respectively. Thetem. This atomic system can provide us with a useful tool to
collision of two bright magnetic solitons in the optical lattice Study the fundamental static and dynamic aspects of magne-
system we considered is elastic and the interaction regioHsm and lattice dynamics.
can also _be tuned just as in the case of two dark magnetic ACKNOWLEDGMENT
solitons discussed above.
(3) WhenJ, p>4Jyp/3, >0, andB<0, Eqg.(5) has the This work was supported by the NSF of China under
solution Grant Nos. 10174095 and 90103024.

N=vgtipg, Np=vptiug, (13
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