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Time evolution of the relative phase in two-component Bose-Einstein condensates
with a coupling drive
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The dynamics of two-component Bose-Einstein condensates with coupling drive is studied using a pair of
bosonic operators. We demonstrate that the effect of the coupling drive on the evolution of the relative phase
of the two-component Bose-Einstein condensates depends on the initial relative phase difference between the
two condensates. In some special initial phase differengesQ( and =) the condensate density are not
sinusoidal functions of time, and the interference pattern is not steady either. The coupling drive also reduces
the amplitude and the period of the oscillation. Our theoretical result confirms the experimental observations
reported in Phys. Rev. LetB1, 1543(1998.
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The experimental realization of Bose-Einstein conden- %
—ﬁV2+Vi(x)

sates(BEC’s) [1-5] of dilute gases has opened the possibil- Hi:f dx ¥/ (x)

ity to test fundamental concepts in quantum mechanics, such

as wavelike behavior and quantum phase interference, most .

notably analogous to the Josephson effects in superconduct- + U () Wy (x) Wi (%)

ors and superfluid®He at ultralow temperatures. Recently,

considerable theoretical attention has been applied to mea- A

sure and monitor the time evolution of the phase of atomic Him=U12f dXW ()W) W (X)Wy(X), (3

BEC’s. Though it is impossible in principle to set up a

“standard of phase” in BEC'$6], the independent conden- 50

sates are expected to possess a relative phase, the existeqipderiv:_J dX[WI ()W, (x) e @t + W () Wh(x)eTorrt],

of which has been confirmed by the experimental observa- 2

tion of a spatially uniform interference pattern formed by 4

condensates released from two independent {fApSeveral ) t o

papers were devoted to schenfi8s 11 to measure the rela- Wherei=1 and 2, andlj(x) andW;(x) are the atomic field

tive phase which is expected to give rise to a variety ofoPerators which create and annihilate atoms at position

interesting behaviors. respectively, and satisfy Athe commutation relation
Recently, the relative phase and its subsequent time evcﬁllfi(x),\lf;r(x’)]= 6ij0(x—x"). H; andH, describe the evo-

lution in two BEC’s were measured using a time-domain,lution of each species in the absence of interspecies interac-

separated-oscillatory-field condensate interferon{&feiThe  tions, andU;(x) =4w%2a;/m (a; andm are the intraspecies

two trapped condensates, created with a particular relativecattering lengths and the mass of the atom respectively

phase, are coupled by the coupling drive represented in thg, | describes interspecies collisions adg =47 %a;; /m

rotating-wave approximation. It has be(_en_ fp_und tha_t the coné‘aij:aji is the interspecies scattering Iengthéldriv here

densates retain a clear memory of their initial relative phas epresents the coupling drive, which is in the rotating-wave

because of stable interference patterns, and the relative phage. . imation. and is characterized by the sum of the micro-
seems to possess a robustness which preserves coherenc e and rf fréquencies ., and by an effectiviRabi fre-
rto

the face of the "phase-diffusing” couplings to the environ-
t. H it is important to know how th ling uency<? [51
ment. FIowever, It 1S Important 1o kNOw NOw the COUpliNg * \ya can obtain an effective two-mode boson Hamiltonian
drive affects the evolution of the relative phase between twe
y means 0f13,15,14
trapped condensates.
We consider a zero-temperature two-species Bose con- L o o
densate system with weak nonlinear interatomic interactions H= >, (woafa+qal?a?)+2yala;aba,
and coupling drive. The coupling drive can be produced in =12
experiment by a short two-photon pulse that transfers the

wi(x), @

B i ATA |(,l) ft ATA _|(l)ft
atoms from one spin state to the otigg]. In the formalism To(ajae ™+ aae ), ®)
of the second quantization, the Hamiltonian of such a system ~t , ety ) ]
can be written as wherea; = [ dx’ @y (x")Wj(x') is a creative operator which
o A creates a particle with distributiod®;y(x), and satisfies
H=H;+H+Hin+Hgriy, (1 [a,al1=1 and the frequency
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wo= f dX

K2 with eigenvalues
- %|V¢i(x)|2+vi(x)|¢i(x)|2 )

E(n,m)=wo(n+m)+3(3g+2x)(n+m)2—1q(n—m)?

and the coupling constantsg, and y are defined by —xnm+gQ(n—m). (15)
q=UoJ AX] | 4 ()[4 D ()] ], @ The cohAereAnt statdsz},a3> and|u1,u?), defined in Fock
spaces of §,,a,) and (A;,A,), respectively, are related to
each other by
_ T T
g—f dX[D 1 (X)D,(X) + D (X)DP5(X)], (8) | > |alei(‘°ff/2)t+aze_i(‘””lz)t
al,a2 =
_ Y f dX| D 1(x)[2] D (x)|2 9 2
X~ XD 1(x) |7 o(x)]?, 9 (@O g e o)
Xe|gt, eflgt)’
which characterize the strength of the interatomic interaction V2
in each condensate, the coupling drive, and the interspecies (16)
interaction, respectively. Her®;(x)(i=1,2) denotes the sta-
tionary solution of the GP equations. Then the state for the amplitude of the two species of a

In order to obtain analytical eigenstates of the Hamil-condensate system at tihean be explicitly written as
tonian[Eq. (5)], we introduce a new pair of bosonic opera- .
tors A; andA, by the expressions _ 1

1 2 DYy p |<I>(t))=e N/2 2

n,m=0 \nim!

él:i(Aleigt_ iAze*igt)ei(wrfIZ)t, (17
V2 whereu; = (a1 + a)/\2, Uy=(a;— ay)/\2, andN=|a,|?

. Flag=|u P+ ugl2. | |
azz_(Aleigt_l_iAze—igt)e—i(wrf/Z)t’ (10) In order to compare with thg result in R¢b], we first

calculate the condensate density of the second condensate
N,(t) corresponding to the density in the spin stf¢ in
whereA; andA, are slowly varying operators, which satisfy Ref.[5]:

the usual bosonic commutation relatiorjsh; ,A1=8; .

uj(iuy)Me "EMMYn m),

Then Hamiltonian(5) is represented in terms of the new N2(D) =(®(D)]aza;| (1), (18
boson operators as Using transformatiori10), we have
H=H,+H’, (13) No(t)=iN—ImW(t), (19
where whereN=N;+N, and
W(t)=32e AO[R(t) +iZ(1)], (20)

Ha= R+ 502 YAIAALA, + 3 [3R2— (AlA, - AlA,)?]
where

+gO[ATA,—AlA,] 12
GOLATAL - AA,] B2 A =N[1-cog(a- ]+ 2 aazlsinegt sing

w=wy—3(x+9g). The total number is a conserved quantity,

a2 T xXcogq—x)t,
and the number operator ié=ala, +aja,=AlA; + AJA,;
H’ denotes a nonresonant term written as R(t)=—(N;—N,)cosw,;t cos 20(t)
H'=1(x—q)(A]?Ase 9t+ AJ2A2ei40Y (13 +(Nsinwt—2|asa;|sing)sin20(t), (21)

and plays no essential role in the evolution of the measurable Z(t)=(Ny—Nj)cosw,st sin 20 (t)

guantities specifying the macroscopic quantum phenomena

of the two-condensates systefti3]. In the experiments

[5,12], Q(~6834 MHzp w, (~59 Hz) andg, x<w,, SO and

the conditionQ)>(x—q) was achieved in the experiments

[5,12]. Therefore, these nonresonant terms are fully negli- 0O (t)=g(1— Q)t+|a;a,/coswt cose sin(q— y)t.

gible. Obviously, H, is diagonal in the Fock space of _

(AL A,), aal =|aia,/€'?, ¢ denotes the initial phase difference of

the components of the condensates. Then the explicit expres-

Haln,m)=E(n,m)|n,m), (14 sion of the second condensates density can be written as

+ (N sinw, st —2| aqya,| sing)cos 0 (t),
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FIG. 1. The time evolution of the number densiis(t) with FIG. 2. Ny(t) for various initial values for the relative phase
e=7l6, w,=0.001, Q=20x27 (solid line), and Q=50x27 ¢=0 (straight solid ling, 7/6 (solid line), /2 (dashed ling and
(dotted ling. 57/6 (dotted ling, with w,=0.001 and() =20X 2.

Ny(t)=iN—Le A7), (22) () =(D ()| ¥TW|D(1)), (24)

From Eq.(22), we see that the initial phase is memorizedwhere ¥ = (1/y/2)(a; +a,). With the help of the Eqs(10),
in the densityN,(t) during the time evolution. In addition, (17), (20), and(15), we have
the evolution of the density manifests itself in the collapse
and revival, as pointed out by several authdr3,4], and the [(t)=3N+3(N;—Ny)cosw,st+ 36 AV sinw tR(t).
Rabi frequency() affects the period of the collapse and re- (29
vival of the density in a complex way. When the two- .
component BEC's initially possess equal particle numbersor the special casd; =N, we have
as in Ref.[5], Eq. (22) can be simplified to I(t)= AN+ Le AO(N sinw,t

Nz(t):%N—%e*A(t)(N sinw,t—2| ayas|sing)cos 2@?2)3) —2|aya,|sing)sin 20 (t)sinw,t. (26)

. . . Figure 4 displays the time evolution of the average den-
T; see ;‘O\’é thg Ra}?' Jrequeg@ of the EpuPl'ng drllve h sity with various Rabi frequencies. From the stable interfer-
affects the density of the condensate, in Fig. 1 we plot the, .o patterns, we again see that the condensates retain a clear
time evolution oiN,(t) in the cases of various Rabi freqlﬂe”' memory of their initial relative phase, consistent with the
cies. Here we have assu_med that1 and that the relative oy orimental result in Ref5]. Similarly, an increase in the
parameterg=0.49 andy=0.5 are measured in units of  pap; frequency reduces the amplitude and period of the os-
and the timet is in 1/q. Figure 1 shows that the form of the ation of the interference. The evolution oft) is also

best fitN,(t) is almost close to a sine function, implying that ynteq in Fig. 5, with various initial values of the relative
in this case the coupling nearly drives a weak link betweer{3

two condensates. It is also clear that with the increase of the s
Rabi frequency(}, the amplitude and the period of oscilla-
tion of the condensate density decrease, which is in good 12
agreement with the experimental observation reported in%
Refs.[5,7]. From Fig. 2, we see that the condensate density Z 1.0
is highly sensitive to the initial value of the relative phase
Whene=0 or ¢ =1, there are no oscillations. The influence
of the initial relative phase difference on the amplitude and
period of the oscillations is similar as that of the Rabi fre-
guency. In particular wheip= 7/6, the oscillation is quite
similar to the experimental results in RES]. oz | [ Lo v
With the help of the Eq(22), N,(t), with various ratios N
N,/N; is plotted in Fig. 3. The number densigs(t) seems 000 PO PR
. . . . . 0.0 0.2 04 08 08 1.0 1.2
insensitive to the value of the ratid,/N;. This indicates
that the coupling drive is not a factor of decoherence in such
a systen{14]. FIG. 3. N,(t) for various initial values of the ratit\,/N;=0
The interference between two BEC's may be studied from(dotted ling, 0.6 (solid ling), and 1 (dashed ling with o= /6,
the expectation value of the density operator, w;+=0.001, and) =20x 2.

075 |-

0.50

THE CONDENSATE D

TIME (1/9)

015602-3



BRIEF REPORTS PHYSICAL REVIEW A 64 015602

o8 1 T T T 1 1.00 1 T 1 T 1
11} L
2 &
w =
o i
[T} L
L TR
iy i
u u
= =
1T} L
= F

03 | -

02 N 1 N 1 N 1 N 1 N 1 N 0.00 L L L L L

00 02 04 06 0.8 1.0 1.2 00 02 04 08 08 10 1.2
TIME (1/q) TIME (1/q)

FIG. 4. The time evolution of the average dendify) with ¢ FIG. 5. I(t) for various initial values for the relative phage
=7/6, w,s=0.001, and)=20x 27 (solid line), andQ =50x 2 =0 (straight ling, =/6 (solid line), =/2 (dashed ling and 57/6
(dotted line. (dotted ling with ¢= /6, w,;=0.001, and) = 20X 2.

guency(). Both the evolution of the number density and the
phase. We find that in some special initial phase differencemterference density show that the coupling drive is not a
(¢=0,7), there would be no oscillation at all. factor of the decoherendé4]. The evolution of the conden-

In conclusion, making use of the time-dependent Bogoliu-sate density is sensitive to the initial relative phase differ-
bov transformation, we analytically obtained eigenstates foence, and insensitive to the initial value of the number ratio
the amplitude of two-component BEC's, including the cou-N,/N;. In some special initial values of the relative phase
pling drive, and further calculated the number density of thg ¢=0,7), there would be no oscillations at all. Our theoret-
second condensate and the interference density. With theal result forN,(t), with ¢ = 7/6, is in good agreement with
help of a numerical calculation, we found that the evolutionthe experimental observation in Ré¢®]. Our investigation
of the number density of the individual condensate performsnay shed light on an understanding the coherent properties
a collapse and revival with a complex period, and displays @f condensates.
good sinusoidal line which is similar to the current-phase W. D. L. acknowledges helpful discussions with Dr.
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