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We investigate the superadditivity property of quantum-correlating power (QCP), which is the power of
generating quantum correlation by a local quantum channel. We prove that, when two local quantum channels are
used in parallel, the QCP of the composed channel is no less than the sum of QCP of the two channels. For local
channels with zero QCP, the superactivation of QCP is a fairly common effect, and it is proven to exist widely
except for the trivial case where both of the channels are completely decohering channels or unitary operators.
For general quantum channels, we show that the (not-so-common) additivity of QCP can be observed for the
situation where a measuring-and-preparing channel is used together with a completely decohering channel.
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I. INTRODUCTION

Contrary to quantum entanglement, which is a monotone
under local operations, general quantum correlations, such
as quantum discord, can be created and increased by local
operations [1-5]. This is understandable, as the local op-
erations can turn some classical correlations into quantum
ones. More and more evidence shows that quantum correlation
is responsible for quantum-information processes, such as
remote state preparation [6,7], entanglement distribution [8,9],
quantum state discrimination [10], etc. The importance
of quantum correlation also lies in its close connection to
quantum entanglement [11-13]. The local creation of quantum
correlation makes the preparation of a quantum-correlated
state simple. Meanwhile, it provides a method to study the
properties of both the quantum correlations and the local
quantum channels. Generally, a local channel is able to create
quantum correlation if and only if it is not a commutativity-
preserving channel [2]. For the qubit case, a commutativity-
preserving channel is either a completely decohering channel
or a unital channel [1,2], while for the qutrit case, the set
of commutativity-preserving channels reduces to completely
decohering channels and isotropic channels [2].

When solving the problem of whether a channel can
create quantum correlation, it is natural to investigate how
much quantum correlation can be created locally. For this
purpose, quantum-correlating power (QCP) was proposed as
the maximum quantum correlation that can be created by a
given local quantum channel [14]. QCP not only quantifies
the amount of quantum correlation created by local operation
but also serves as an inherent property of quantum channels.
It is of interest to investigate the effect caused by using two
channels together. We have given an example to indicate the
superactivation of QCP of two zero-QCP channels in Ref. [14].
It implies that using two channels together is more efficient
in creating quantum correlations than using them separately.
It is straightforward to ask the following questions: What
kind of local channel has the property of superactivation of
QCP? Does superadditivity of QCP hold for general quantum
channels? We remark that the additivity property is one of the
most fundamental problems in quantum-information science;
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for example, it is shown that communication capacity using
entangled inputs is superadditivity [15].

In this paper, we prove that when the two channels have
zero QCP, the superactivation can be observed except when
the two channels are both unitary operations or completely
decohering channels. This means that the superactivation of
QCP is acommon phenomenon. We then prove that the answer
to the first question is positive. When one of the channels has
positive QCP, there are still situations where the QCP of the
two channels is additive. The QCP of the bichannel which is
composed of a measuring-and-preparing (MP) channel and a
completely decohering channel equals that of the MP channel.
We consider the genuine quantum correlation to be responsible
for the superadditivity of QCP.

II. SUPERACTIVATION OF
QUANTUM-CORRELATING POWER

Let us briefly recall the definition of QCP [14] for
local channels. The quantum-correlating power of a quantum
channel A is defined as

Q(A) = r;leacf]( O(A ® I(p)). (1)

Here Cj is a set of classical-quantum states, which can be
written as [16]

Co={p|p=2qil'lg‘,.®pf : (2)

and Q is a measure of quantum correlation satisfying
the following three conditions: (a) Q(p) =0 iff p € Co;
() QUpU fy = Q(p), where U is a local unitary operator
on A or B; and (¢) Q[ ® Ag(p)] < Q(p).

In Ref. [14], we have given an example to show the
effect of superactivation for QCP of phase-damping qubit
channels AFP. Precisely, we consider the input state p =
T2 Wi aa (Wil © lij)pe (i, with |y0) = \/%(|00> +
1), 1) = 55(04) +[1=), Vo) = \/%(IOU — [10)),
and |w10>=%(|0—>—|1+)). Here, the qubits A and
A’ belong to Alice while B and B’ belong to Bob.
Hence, Alice and Bob are classically correlated initially.
Now let the composed channel AP ® AP act on the
qubits A and A’. The resulting state has nonzero quantum
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correlation because [APP ® APP(yo), ATP @ APP(y))] =
%l’p«/l — p(0? @ 0% + 0, ® ) # 0. Therefore, the QCP of
the composed channel APP ® APP is nonzero.

Then what kind of zero-QCP channel has the property of
superactivation of QCP? Obviously, if the two channels are
both completely decohering channels, the composed channel
is still a completely decohering channel, which is not able
to create quantum correlation. Similarly, for the case where
the two channels are both unitary operators, the composed
channel is a unitary operator too and thus has zero QCP. In
the following, we prove that these are the only two situations
where superactivation of QCP is not observed.

Theorem 1. For two zero-QCP channels A; and A, the
QCP of the composite channel A} ® A, is nonzero except
that both A; and A, are completely decohering channels or
unitary channels.

Proof. From Ref. [2], the QCP of channel A} ® A is zero
if and only if A} ® A, is a commutativity-preserving channel.
It means that, for any commutative two-particle states &; and
&, we have

(Al ® A (). A1 ® A (52)] = 0. 3)

Obviously, when both A and A, are completely decohering
channels or unitary channels, the channel A} ® A, is also
a commutativity-preserving channel, and Eq. (3) holds. Oth-
erwise, let A; not be a completely decohering channel and
A, not be a unitary channel. Now we choose & = |0)4(0] ®
[W)a (W] and & = [0)4(6] ® [¥ ) a (Y], where (YY) =
0 and |0) is an arbitrary single-particle state. Then Eq. (3) is
equivalent to

[A1(10)(0D, A1(6)] ® Ar(¥)Aa(¥™) = 0. “4)

Here we label ¢ as the density matrix of the pure state i) and
similar for ¥+ and 6. Since channel A, is not a completely
decohering channel, we can always find a single-particle state
|6) such that [A1(]0){(0]),A1(8)] # 0. Meanwhile, when A,
is not a unitary channel, there exist two pure orthogonal
single-particle states 1 and ¥+ such that A,(¥)A,(y¥L) # 0.
Therefore, Eq. (4) is violated. This completes the proof of
Theorem 1.

In the above discussion, superactivation of QCP is due to the
nonclassicality of particle A. An extreme example is that A| =
1 is an identity channel while A, is a completely depolarizing
channel, which is equivalent to the “trace-out” operation. Now
we start with the state pap ® |0) 4 (0|, where pap € Cy. After
a two-particle unitary operator U4 on A and A’, which does
not create quantum correlation on the left, the channel 7 ® A,
is applied. This process can be expressed as

Iy
A

> ®)

Pou = A (paB) ®
where AZ(pAB) =Tra(Uaapap @ |0) 4 (O|U:§A,). There-
fore, the superactivation of the two channels A} = I and A,
is in fact local creation of quantum correlation by the channel
AY.

We then focus on situations where no pairwise quantum
c~0rrelation§ are induced between A and B or between A’ and
B, where B is the system on Bob’s side. The mechanism for
superactivation of QCP under this condition is totally different
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from that for the local creation of quantum correlation. In this
case, the two states &; and &, used for checking nonzero QCP
of the channel A} ® A; as in Eq. (3) should satisfy

[e1.6'] =0, [g.&]=0. 6)

Here SiA(A’) = Traa)&; are reduced density matrices. In the
following, we see that, even limited to the situation where no
pairwise quantum correlation is induced, the superactivation
of QCP can still be observed for most of the channels.

We first discuss the situation where A; and A, are the
qubit channels. According to Refs. [1,2], A has zero QCP
only when it is a completely decohering channel, AP, or a
unital channel, A'. We focus on the superactivation of QCP for
two unital channels. A unital channel is defined as a channel
which keeps the identity operator invariant:

Al={A:AU)=1). (7

It has been proven that any unital channel of a qubit is unitarily
equivalent to a Pauli channel [17] A'(:) = v APl [T (Hulol.
Here the Kraus operators of a Pauli channel are proportional
to Pauli matrices:

3
AP = " hioi()os, ®)
i=0
where og = I, 015 3 are the three Pauli matrices, A; > 0, 19 >
A123, and Z?:o A; = 1. Therefore, it is adequate to consider
the superactivation of QCP for Pauli channels.

Theorem 2. When limited to the case where no pairwise
quantum correlation is induced, the superactivation of QCP
can be observed for unital qubit channels which are not
one of the following cases: (a) both channels are identical
isotropic channels, and (b) one of the channels is a completely
depolarizing channel.

Proof. For case (b), consider that channel A, is a com-
pletely depolarizing channel. The left-hand side of Eq. (3)
is equal to [A;(),A1(£8)] ® I*'/2, which vanishes under
the constraint of Eq. (6) and the superactivation of QCP
cannot be observed. In the following, we focus on the cases
where none of the two channels are completely depolarizing
channels. &) and &, in Eq. (3) ischosen as & = |®;)(®D;|, where
|®1) = (|00) + [11))/v/2 and |®,) = (|0+) + [1-))/+/2. In
Pauli presentation, we have

£ =11®1+01®0—0®0:+03®03),

©)
£E=iU®1+0Qui+0n®0+0;Q0).

For A being a Pauli channel, we have A;(o;) = a;0;, with
ai =2 +220 =3 a0, i =1,2,3. Similarly, As(o;) =
b;o;. Consequently, A; ® Ax(§)) = JT(I QI+ abio ®
01 — abr02 ® 03 + azb303 ®03) and A ® AE) =1 ®
I+ a1b361 ® 03 + a2b202 ® oy + a3b103 ® O']). Therefore,
Eq. (3) means that
ajas(b] —b3) =0, bibs(a; —a3)=0.  (10)
By alternating the subscripts 1, 2, and 3 in Eq. (9) and adopting
Eq. (3), we have
2 2\ _ 2 2y _
aras (b2 — bg) = O,b2b3(a2 — 613) =
aja (b} — b3) = 0,b1bs(a} — a3) =

’

(1)
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This means that the superactivation of QCP for channels
violating Egs. (10) or (11) can be detected by the states &, and
& in the form of Eq. (9) or those obtained by alternating the
subscripts 1,2,3 in Eq. (9). Then we are left with the following
situations.

() lazl = laz| =a >0, |by| =|bs| =b >0, and a; =
by = 0. Noticing that conditionsa; = 0and Xy > A; 3 leadto
a3 = 0,wehaveay =a3 =a >0andb, =b3 =b > 0. A
and A, are both projecting-and-depolarizing channels APP,
which take a state

¢ =U+7-0)/2, 12)

to AW(Z) = [I + x(r02 + r303)]/2, where x =a,b. In
other words, the channel projects the Bloch vector 7 onto the
x-y plane and then shortens it, A?p = A‘; o AP,

(2) |(12| = |a3| =a >0, b2=b3 = da =0, and b] #0
Discussions similar to those in Case (1) give that a, =
a3=a>0andb; =b > 0. A, = AP while A, = APPP =
AE o AP is equivalent to a completely dephasing channel
APP followed by a depolarizing channel AD.

(3) lail = laal = |as| > 0 and |by| = |ba| = |b3] > 0. If
a; = —ay = az # 0, we have ,yp = A; = A3 > A,. This chan-
nel is equivalent to the isotropic channel with A = A, = A3 >
Ao by a unitary operator o,. Therefore, this case is equivalent
toay=ay=a3=a#0andb; =b, =b3;=b #0. A and
A, are isotropic channels.

(4) by = by = b3 = 0. Channel A, is a completely depo-

larizing channel, which we have already considered.
Since two completely decohering channels do not have
the property of superactivation of QCP, let A; not be a
completely decohering channel. Cases (1) and (2) include the
channels obtained by alternating the subscripts 1, 2, and 3.
In the following, we derive the commutative states & and &,
satisfying Eq. (6) to detect the superactivation for these cases,
and we prove that such states do not exist for Case (3) with
ay = bl.

Writing a two-qubit state in the form

3 3
1
£ = Z[1®I+Zr{‘a,-®l+2sj‘l®a,-

i=1 i=1

3
+ ) Tho ®a,}, (13)

i,j=0

where k = 1,2, we can present & as & = {7X,5%,T%). It is
worth noting that the commutation [£;,£,] can also be written
as the Bloch decomposition

e8] = ¢ [Zao, ®1+Zﬂ,1®m

i=1

3
+ Z Fl'jG,'@O'j s (14)
i =0

where 7 is the imaginary unit. By using the commutation
for Pauli matrices, we have [0; ® [,0y ® 0j/] = [0;,0¢] ®
oj,[o; ® 1,06/ ®I1=[0;,00)1®1,and [0; ® 0;,0/ Q0] =
loi,00] ® 18 + 1 ® 0,018, where §;;: is the Kroneker
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8. Therefore,

I = (71 X i% -2 x il,»)i + (El x 7? -5 x i})i’
a =7 x 72+Zf‘ x T2, (15)

q—s X § +ZT1xf§,

where T" (Tk TZI‘J,T"} and T" {T/jT/E,T/;} Then

[§1.6] = 0 is eqllljl\’/alent to
=f=0 =0 (16)
Meanwhile, [£*,65'] = 0 and [&'1 " £8'] = 0 give that
Flxi2=0, s'x5*=0. (17)

For Cases (1) and (2), as well as for Case (3) with a # b,
we can find states &; and &, satisfying Eqs. (16) and (17) such
that Eq. (3) is violated. Precisely, for Case (1) we chose & to
be

-1 -1

Al=5'=1{0,0,r},72 =5 =

7' = T? = diag{t,1,t}.

{0,0,nr},
(18)

Direct calculation leads to A AbDP(E D,AP ® A‘,fp(gz)] =
iabrt(1 — n)(boy @ 01 + ao; Q@ 0,) # 0. For Case (2), we
chose & and &, to be

s'=7={0,rr} i =5 =0,
T'=TH" ={0,0,0;7,0,0; —,0,0},

and then [Ap® ® APPP(£)), ALY @ APPP(&,)] = 2iabrio; ®
o1 #0. For Case (3) with a #b, we chose & and &
as in Eq. (19), and then [AB® @ Aj°(&)),AS ® A[°(&)] =
2iabrt(a — b)o| @ oy # 0.

Now we only need to prove that for two identical isotropic
channels, the superactivation of QCP cannot be detected when
under the constraint that no pairwise quantum correlation is
induced. From the property of the isotropic channels

ABe® AL°E) = (ar*, a5k ,a* T, (20)

19)

and consequently, the commutation of the output states
can be written as [AI‘°®AIS°(§1) AI‘°®AI§°(E )] =

(@1, glso, FIS"} where & = a?F! x7? +a* ), T1
T2, Bl = a%5! x 5 Z+aty, Tl X T2 and [ = a3F.

Therefore, Eqs. (16) and (17) imply @™ = g =0 and
10 = 0. This means that for two identical isotropic channels,
the superactivation of QCP cannot be detected under the
constraint that no pairwise quantum correlation is induced.
This completes the proof of Theorem 2.

It is quite interesting that a completely dephasing channel
can activate the QCP of a depolarizing channel, even under the
constraint that no pairwise quantum correlation is induced.
More precisely, we consider the initial classical-classical
state p = Y, |D:) aa (Pi] ® i) (i, where |®p) = (|01) —
110))/+/2, |®3) = (|—0)—|+1))/+/2, and |® ,) are the same
as in Eq. (9). Let A4 be a depolarizing channel with Ay =
(1+3a)/4 and A; = Xy, = A3 = (1 —a)/4 as in Eq. (8), and
let A 4- be acompletely dephasing channel withAg = Az = 1/2
and A; = A, = 0. The output state Ay ® Ay ® I5(p) has
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a positive quantum correlation since [Ax ® Aa(P1),As ®
Ay (Dr)] = —%azaz ® 09, which is nonzero for a # 0. Let us
look more closely at the correlation structure of the input state
p. Clearly, the pairwise quantum correlation between any two
particles is zero. However, the genuine quantum correlation
is nonzero. This is because of the entanglement between the
qubit A and the composite system A’B. Measuring B on basis
{li}} and locally operating A and A’ can distill a singlet of
qubits A and A’. Therefore, the superactivation of QCP can be
understood as transferring the genuine quantum correlation to
the quantum correlation between the bipartition AA’ and B.
Notice that the generated quantum correlation is still genuine
correlation, because the pairwise quantum correlation is still
zero in the output state.

Now we have studied the case where A; and A, are
high-dimension channels. We briefly show that Theorem 2
does not hold for the general situation where A; and A, are
qudit channels with d > 3. A qudit channel (with d > 3) has
zero QCP if and only if it is either a completely decohering
channel or an isotropic channel. It is obvious that when
A, is a completely depolarizing channel, Eq. (3) holds for
any commutative states & and & which satisfy Eq. (6).
However, for Case (a) in Theorem 2 where both A; and A,
are identical isotropic channels, Eq. (3) can be violated by
some commutative states & and &, which satisfy Eq. (6). An
equivalent statement for Case (a) in Theorem 2 is that for two
commutative two-qubit states &; and & which satisfy Eq. (6),
the following equation holds

(6168 + 8] = [&.68 +&"]. Q1)

The equivalence is obvious when we notice that AP ®
AlE) = %8+ a(l — a)EP + &) /2 + 144 /4. However,
Eq. (21) does not always hold for A and A’ being qudits
with d > 3. For example, consider d =4 and that the two
commutative two-qudit states are & = [1 + T1(0] ® 02)4 ®
(03 ®@01)a + Ta(03 ® 01)a ® (03 ®02)a]/16  and & =
[+ T11* ® (01 ® 02)a + T2(02 @ 03)4 ® (01 ® 61)41/16,

where 77, #0. Then Eq. (21) is violated, since
the left-hand side of Eq. (21) is proportional to
iTiTh(o3®0))® (02 ®0p) #0 while the right-hand

side equals zero. Therefore, Case (a) in Theorem 2 does not
hold for channels of higher dimensions. This means that the
QCP high-dimension channels are more easily superactivated.

III. SUPERADDITIVITY OF QCP
FOR GENERAL CHANNELS

Here we prove the superadditivity of QCP for general
channels. In the following, we only discuss the problem in
the regime in which the quantum correlation Q in Eq. (1) is
quantum discord [18,19], which is defined as

Op1a(p) = min S () = Spialp). (22)

where Sgia(p) = S(p) — S(pa), with S(p) = —Tr(p log, p)
being the conditional entropy; {FiA} is a positive
operator-valued measure (POVM) on qudit A; and
S(pgirry) = 2_i PiS(ppypa), With p; = TF(PEA)aHdPBmA =
Tra(pF)/p; being the average entropy of B after the
measurement.
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Theorem 3. When two channels A; and A, are used in
parallel, the QCP of the composite channel A} ® A; is no less
than the sum of the QCP for the two channels:

QA1 ® Az) = Q(A1) + Q(A). (23)

Proof. Let p; and p, be the optimal input states of A; and
Ao, respectively, then we have Q(A;) = D(p)) withp] = A; @
I1(p;),i = 1,2. As proved in Ref. [20], the classical correlation
is additive for separable states J(p ® o) = J(p) + J(o) when
p is a separable state. Obviously, p; are separable states.
Therefore, we have

3o} ® py) = 8(p}) + 8(pp). (24)

Since p; ® p» may not be the optimal input state for chan-
nel A; ® A,, from the definition of QCP, Q(A| ® Ay) >
8(p; ® p5) = Q(A1) + Q(A»). This completes the proof of
Theorem 3.

From the discussions in the last section, we observe that
QA1 ® Ay) > Q(A1) + Q(A») is quite common. Therefore,
we ask the following question: are there situations where the
QCP is additive for channels with positive QCP? We give
a positive answer to this question by providing a class of
channels whose QCP is additive.

Here we define the measuring-and-preparing (MP) channel
as the operation which measures on a fixed orthogonal basis
and then prepares the qubit to predefined states conditioned
on the measurement results. All MP channels are unitarily
equivalent to

d—1

AMP(p) =Y ilpli)m, (25)

i=0

where 7n; are quantum states. Belonging to the set of MP
channels are the completely decohering channels, as well as
the single-qubit channel with maximum QCP, whose Kraus
operators are E(l}’[ = |0)(0] and Ei\" = |4+)(1|. For any MP
channels in the form of Eq. (25), the optimal input state to
reach the maximum quantum discord in the output state is

d—1
PN =" pilidil ® li) il. (26)
i=0

The reason is as follows. Writing the general form of an
optimal input state p = "¢ ¢;1¢:) (¢ ® i) (i|, we have the
corresponding output state

d—1

pl=) " pini ® pi, 27)
i=0

where  p; =", q;l{il¢))> and i =3, q;l{il$;) 1))
(j|/pi. Equation (27) can be obtained from AMP @ I1(pMP)
by local operation on B, which cannot increase the quantum
discord. Therefore, the optimal input state should be in the
form of Eq. (26).

Theorem 4. When a MP channel AMP and a completely
decohering channel ACP are used in parallel, the QCP of the
composed channel is equal to that of AMP:
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Proof. Consider the general form of an optimal input state,

p= Z piy Y @ IyE, (29)
i,j=0
where |¢;;) = Ulij) and |;;) = |ij). Without loss of gener-
ality, we assume that the basis of the completely decohering
channel is {|i)} and that the MP channel is in the form of
Eq. (25). The QCP of the channel AM? is just the quantum
discord in state AMP ® I(p™P). Notice that

AP (1Y) unp,(f)A@Ik (kI (30)

and the state p' = ASP(p) is of the form

k)A /
p= Z k) ar (k| ® Z Pyt ®TEY . (D)
i,j=0

The output state p = ANP ® ASP(p) is then

U

—1
rilk) ar (k| ® pox, (32)
0

™
I
~
Il

DY 771A ® 5123
Obviously,

where ry = Z,d;lo p,qukj, Ok = ', and ERB =
Yi o Pijl k1o O TIEE /7y 8pm1a(pr) <
Q(AMP) for k =1,2,...,d — 1. We prove in the following
that, for states in the form of Eq. (32), the quantum discord of
0 is lower bounded by the weighted average quantum discord
of pi:

d—1

ZrkSBB'\A(,Ok)- (33)

k=0

dppaa(P) <

Suppose the optimal POVM for oy is {F}, @ }Nk : . By building

a POVM on qubits A and A’ as {G(’)}ZkN‘ "= (k) k] ®
Fk(')}f%‘ ......... Zk_ll,we have
_ . TrAA’(GEi)A/ﬁ)
i
Tra (Y,
= Zrkékis (—A (~ka pk))
ik i
d—1
= Zrks(pk,BBq{Fg”})' (34
k=0
Meanwhile, direct calculation leads to S(fppjaa) =
ZZ;& riS(Ok. BB AA)- Consequently, S(/;BB'\{G‘/;;/}) —

S(Pppian) = Y o redspia(or). By noticing that {G} may
not be the optimal POVM for the quantum discord of g, we
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have proven Eq. (33). Since Eq. (29) is a general form of the
optimal input state, the above discussion shows that

QAM ® AP) < Q(AMP). (35)

Combining Eq. (35) with Theorem 3, we finally reach Eq. (28).
This completes the proof of Theorem 4.

It should be noticed that both the MP channel and the CD
channel are coherence-breaking channels. A CD channel takes
any state to a state which is diagonal on a fixed basis, and thus
the coherence between different state bases is broken. For a MP
channel, coherence is broken during the measurement and so is
the genuine quantum correlation. Even through the preparation
process in the MP channel can rebuild the bipartite quantum
correlation, the genuine quantum correlation, which enables
the superadditivity of QCP, cannot be rebuilt. This is the reason
why the QCP of a MP channel and a CD channel is additive.
Therefore, we conjecture that the QCP of channels which are
neither MP channels nor CD channels is superadditive.

IV. CONCLUSION

We have investigated the effect of superadditivity of QCP,
which means that using two channels together is more efficient
in creating quantum correlations than using them separately.
Two zero-QCP channels have the property of superactivation
of QCP except the trivial cases where the two channels are
both completely deochering channels or unitary channels. This
result shows that superactivation of QCP is a fairly common
effect for local channels. We also prove the superadditivity of
QCP for general local channels and find a class of quantum
channels whose QCP is additive.

Superadditivity of QCP is a collective effect. The genuine
quantum correlation is observed in the initial state which can
detect the superactivation of QCP for a CD channel in parallel
with a depolarizing channel. Meanwhile, the QCP of a MP
channel and a CD channel is additive since both of them
are coherence-breaking channels, which break the genuine
quantum correlation. Therefore, we conjecture that genuine
quantum correlation is responsible for such an effect. This
provides an alternate perspective from which to look at the
concept of genuine quantum correlation, which is still an open
problem in quantum-information theory. From this point of
view, our study can shed light on both the classification of
quantum channels and the structure of quantum correlation in
multipartite states.
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